Module 3: Non-Deterministic Finite Automata (NFA) and
Regular Expressions

This module embarks on a thorough exploration of Non-Deterministic Finite Automata
(NFAs), examining their unique characteristics and the profound implications of their
non-deterministic behavior. We will then systematically uncover the essential algorithm for
converting any NFA into an equivalent Deterministic Finite Automaton (DFA), rigorously
proving that this apparent increase in flexibility does not, in fact, confer greater
computational power. Following this, the module will introduce Regular Expressions, a highly
practical and widely used algebraic notation for pattern description. The culmination of this
module will be a comprehensive examination of Kleene's Theorem, a pivotal result that
irrevocably links these diverse formalisms—DFAs, NFAs, and Regular Expressions—as
fundamentally equivalent means of defining the class of regular languages.

Non-Deterministic Finite Automaton (NFA)

In our study of Deterministic Finite Automata (DFAs), we observed that their behavior is
entirely predictable: for any given state and any input symbol, there is always one and only
one explicitly defined next state. This deterministic nature ensures a single, unique
computational path for every input string. Non-Deterministic Finite Automata (NFAs),
however, introduce a crucial departure from this rigidity, allowing for multiple possible
transitions from a given state on the same input symbol, and even transitions without
consuming any input symbol. This "non-determinism" provides a powerful conceptual tool for
modeling systems where choices or parallel computations might occur.

A Non-Deterministic Finite Automaton (NFA) is formally defined as a 5-tuple (Q,%,5,q0,F),
where each element is precisely specified:

e Q: This is a finite, non-empty set of states. Each state represents a distinct
configuration or phase of the automaton's computation. It encapsulates the limited
"memory" available to the finite automaton. For instance, in an NFA designed to
detect a specific substring, a state might represent having seen a partial match of
that substring.

e X: This represents the finite, non-empty input alphabet. It is the set of all possible
symbols that the NFA can read from its input tape. For example, for a binary string
processing NFA, 2={0,1}. For a natural language processing component, = might be
the set of all English letters and punctuation.

e &: This is the transition function, the heart of the NFA's behavior, and the primary
source of its non-determinism. Unlike a DFA's function which maps to a single state,
the NFA's transition function maps a state-symbol pair to a set of zero or more
possible next states. Formally, 5:Qx(Z U {€})—P(Q).

o P(Q): This denotes the power set of Q, which is the set of all possible
subsets of Q. This is critical because it means that from a given state and
input symbol (or €), the automaton might transition to any subset of its total
states, including the empty set (no possible next state) or a set containing
multiple states.



Non-determinism on input symbols: If for a state = Q and an input
symbol a€ z, 8(g,a) contains more than one state, it implies that the NFA,
upon reading a from state q, can choose to move to any of the states in that
resulting set. Conceptually, we can imagine the NFA "forking" its computation
into multiple, parallel paths, each pursuing one of the possible next states.
Epsilon Transitions (e-transitions): The inclusion of € (the empty string,
which signifies no input symbol) in the domain of the transition function is
another powerful feature unique to NFAs (compared to basic DFAs). An
e-transition allows the NFA to change its current state(s) without consuming
any input symbol from the string. These are often called "free moves" or
"spontaneous transitions." An NFA can make any number of e-transitions in a
sequence, allowing it to reach multiple states from a single state without
moving its input head.

q0: This is the start state (or initial state). It is a unique state from the set Q where
the automaton begins its computation for any given input string. Every NFA
computation always originates from qO.

F: This is a finite set of final (or accepting) states. These states, a subset of Q,
represent successful termination points for the NFA's computation. If, after
processing the entire input string, at least one of the possible computational paths of
the NFA leads to and halts in any state within the set F, then the input string is
considered accepted by the NFA.

How NFAs Recognize Languages (The "Parallel Exploration” or "Existential
Acceptance” View):

An NFA processes an input string w by exploring all possible sequences of transitions from
the start state 0. This can be visualized as a tree of computational paths, where each
branch represents a non-deterministic choice. The NFA accepts the input string w if and only
if at least one of these computational paths satisfies two conditions:

1.

2.

It successfully consumes the entire input string w (including any e-transitions that do
not consume input).
It ends in a state that belongs to the set of final states F.

If, after exhaustively exploring all possible paths for a given input string:

Every path becomes "stuck" (reaches a state from which there is no defined
transition for the current input symbol, and no e-transitions are possible).

Every path ends in a state that is not in the set of final states F.

Every path fails to consume the entire input string (e.g., gets stuck prematurely, or is
still active after the string ends but not in an accepting state).

Then, the input string is rejected by the NFA.

The "power" of non-determinism lies in this "guessing" ability. An NFA doesn't need to
explicitly know which path is the "correct" one; it simply needs to find one such path to
accept the string. This makes NFAs remarkably flexible and often much simpler to design for
certain languages compared to their deterministic counterparts.



Detailed Example of an NFA with Epsilon Transitions:

Consider an NFA over 2={a,b} that accepts all strings containing either aa or bb as a
substring. This demonstrates how NFAs can easily combine different conditions.

Q={q0,91,92,93,94,95}

>={a,b}

g0 is the start state.

F={g2,95} (Both g2 and g5 are accepting states.)

Transition Function o:

6(q0,a)={q0} (Self-loop on a from q0)
6(q0,b)={q0} (Self-loop on b from q0)
0(q0,€)={q1,93} (From g0, we can non-deterministically guess which pattern (aa or
bb) we are trying to find, moving to g1 for aa or g3 for bb without reading an input
symbol.)

e For pattern aa:

O

0(q1,a)={g2} (After e-transition to g1, if we see a, we've potentially started aa.
Move to g2.)

0(g2,a)={g2} (If we see another a, we've found aa. Stay in accepting state
q2.)

0(92,b)={g2} (Once aa is found, any subsequent bs are also fine.)

0(g2,any other)={} (No other transitions from q1 if it's strictly part of aa
sequence, for example, 6(q1,b)={}).

e For pattern bb:

O

0(q3,b)={g4} (After e-transition to g3, if we see b, we've potentially started bb.
Move to g4.)

0(q4,b)={g5} (If we see another b, we've found bb. Move to accepting state
95.)

0(g5,a)={g5} (Once bb is found, any subsequent as are also fine.)
0(g5,b)={g5} (Once bb is found, any subsequent bs are also fine.)

0(g4,a)={} (No other transitions from q3 or g4 if it's strictly part of bb
sequence, for example, 8(q3,a)={}).

Let's trace the string ababaa:

1. Start: q0. Apply e-closure: E({q0})={q0,91,93}.

O

Active states: {q0,q1,93}. Remaining input: ababaa.

2. Read a:

o

O
O
©)

From g0 on a: q0—q0. E({q0})={q0,91,93}.

From g1 on a: g1—q2. E({g2})={q2}.

From g3 on a: No transition from q3 on a. This path dies.

New active states: {q0,91,92,93}. (Union of E(8(q0,a)), E(5(q1,a)), E(5(g3,a))
after considering initial e-closures)

This process is precisely what subset construction does.



Let's use a simpler trace for clarity, focusing on reachability:
Trace ababaa:

Initially: State is {q0}.

After e-closure (before first input): Current NFA state set = {q0,q1,93}.

Read a:

o From q0 on a: q0. Apply e-closure: {q0,91,93}.

o From g1 on a: g2. Apply e-closure: {g2}.

o From g3 on a: No transition.

o New set of states: E(dN({q0,91,93},a))=E({q0,92})={q0,91,92,93}.
e Readb:

o From q0 on b: q0. E({q0})={q0,91,93}.

o From g1 on b: No transition.

o From g2 on b: q2. E({g2})={q2}.

o From q3 on b: q4. E({g4})={q4}.

o New set of states: E(6N({q0,91,92,93},b))=E({90,92,94})={q0,91,92,93,94}.
Read a: (similar detailed calculation) Resulting states would contain 2.
Read b: Resulting states would contain g5.

Read a: Resulting states would still contain g2.
Read a: Resulting states would still contain g2.

Since at the end of the string ababaa, the set of reachable NFA states contains g2 (which is
an accepting state), the string ababaa is accepted. This example highlights how e-transitions
allow the NFA to "split" into multiple paths, each attempting to match a different pattern
concurrently.

Subset Construction (NFA to DFA Conversion)

The profound realization in automata theory is that despite the expressive power of
non-determinism and e-transitions, NFAs are not more powerful than DFAs in terms of the
class of languages they can recognize. Every language recognized by an NFA can also be
recognized by some DFA. The constructive proof for this claim is the Subset Construction
Algorithm (also known as the Powerset Construction).

The fundamental principle of Subset Construction is to simulate the non-deterministic
behavior of an NFA using a deterministic machine. It achieves this by defining each state in
the new DFA as representing a set of states from the original NFA. This set captures all the
possible states the NFA could simultaneously be in after consuming a particular prefix of the
input string, considering all possible non-deterministic choices and e-transitions.

Algorithm Steps for converting NFA N=(QN,Z,5N,q0N,FN) to DFA D=(QD,x,5D,q0D,FD):

1. Define the Epsilon-Closure Function (E(S)):
Before constructing the DFA, we need a helper function, the e-closure. For any set of
NFA states SSQN, E(S) is defined as the set of all NFA states reachable from any
state in S by following zero or more e-transitions.
o To compute E(S):
m Initialize E(S) with all states in S.



m Create a stack and push all states from S onto it.
m  While the stack is not empty:
m Pop a state, say q', from the stack.
m For each state q"€0N(q',€):
m Ifq"is not already in E(S), add q" to E(S) and push q"
onto the stack.

o This function effectively calculates all states an NFA could spontaneously
reach from a given set of states without consuming any input symbol.

2. Determine the DFA's Start State (qOD):
The initial state of our new DFA, qOD, corresponds to the set of all NFA states that
are reachable from the NFA's original start state qON through zero or more
e-transitions.

o qOD=E({qON})

o This initial set of states is the first state added to our set of DFA states (QD)
and to a list of states whose transitions still need to be computed (often called
"unmarked states").

3. Construct DFA States (QD) and Transitions (6D):
We build the DFA states and their transitions iteratively. We start with qOD and
explore its transitions for all input symbols. New DFA states are discovered during
this process.

o Initialize QD=2.

o Initialize a queue or stack, unmarked_states, and add qOD to it.

o  While unmarked_states is not empty:

m Dequeue (or pop) a state S from unmarked_states. (This S is a set of
NFA states.)
m Add Sto QD.
m For each input symbol a2
m Calculate the set of NFA states reachable from S on input a:
m Let next_states on_a=2.
m Foreach state g€ S:
m next_states_on_a=next_states_on_aU®dN(qg,a).
m  Now, compute the e-closure of this collected set of states. This
final set will be the target state in the DFA for the transition
from S on input a.
m T=E(next_states on_a).
m Define the DFA transition: 8D(S,a)=T.
m If T is a new set of NFA states (i.e., it is not yet in QD and not
already in unmarked_states), then add T to unmarked_ states.
4. Determine the DFA's Final States (FD):
A state S in the newly constructed DFA (S€ QD) is designated as an accepting (final)
state if and only if that particular set S contains at least one of the original NFA's
accepting states from FN.

o Formally, SEFD if SNFN=2. The reasoning is that if any of the NFA's parallel
computations could end in an accepting state, then the DFA state
representing that collection of possibilities must also be accepting.

Example of Subset Construction (Revisit NFA for "010"):



NFA N=({q0,91,92,93},{0,1},6N,q0,{g3}) with transitions:

6N(q0,0)={q0,q1}

ON(q0,1)={q0}

ON(q1,1)={a2}

0N(q2,0)={q3}

O0N(q3,0)={q3}

6N(q3,1)={q3}

All other dN(g,sym)=2. No e-transitions in this NFA, so E(S)=S.

Let's construct the equivalent DFA:

1. DFA Start State: gOD=E({q0})={q0}. Let's call this DFA state A.
o A={q0}
2. Process States:
o From state A (={q0}):
m OninputO:
m  U=06N(q0,0)={q0,q1}.
m  New DFA state B=E(U)={q0,q1}. (Add B to unmarked list)
= So, 6D(A,0)=B.
m Oninput 1:
m  V=0N(q0,1)={q0}.
m New DFA state C=E(V)={q0}.
m Since Cis identical to A, 8D(A,1)=A. (No new state)
o From state B (={q0,q1}):
m OninputO:
m  U=08N(q0,0) UdN(q1,0)={q0,q1} U2={q0,q1}.
m New DFA state D=E(U)={q0,q1}.
m Since D is identical to B, 8D(B,0)=B.
m Oninput 1:
m  V=8N(q0,1)UdN(g1,1)={q0}U{q2}={q0,92}.
m  New DFA state E=E(V)={q0,92}. (Add E to unmarked list)
m So, 6D(B,1)=E.
o From state E (={q0,92}):
m OninputO:
m  U=6N(q0,0) UdN(g2,0)={q0,91}U{q3}={q0,91,93}.
m  New DFA state F=E(U)={q0,q1,93}. (Add F to unmarked list)
m  So, 6D(E,0)=F.
m Oninput 1:
m  V=0N(q0,1)UBN(g2,1)={q0} U 2={q0}.
m New DFA state G=E(V)={q0}.
m Since Gis identical to A, dD(E,1)=A.
o From state F (={q0,q1,93}):
m OninputO:
m  U=0N(q0,0) UdN(q1,0) UdN(q3,0)={q0,91} U2 U {q3}={q0,91,93
}
m  New DFA state H=E(U)={q0,q1,q3}.
m Since H is identical to F, 8D(F,0)=F.



m Oninput 1:
m  V=0N(q0,1)UdN(g1,1)UdN(g3,1)={q0}U{q2} U{g3}={q0,92,q3
3
m  New DFA state I=E(V)={q0,92,93}. (Add | to unmarked list)
m  So, d3D(F,1)=I.
o From state | (={q0,92,q93}):
m Oninput0:
m  U=08N(q0,0) UdN(g2,0) UdN(q3,0)={q0,91} U{q3} U{q3}={q0,q1
,q3}.
m New DFA state J=E(U)={q0,91,93}.
m Since J is identical to F, 8D(1,0)=F.
m Oninput 1:
m  V=0N(q0,1)UBN(g2,1)UdN(g3,1)={q0}U2U{q3}={q0,q3}.
m  New DFA state K=E(V)={q0,q3}. (Add K to unmarked list)
m  So, 6D(1,1)=K.
o From state K (={q0,93}):
m OninputO:
m  U=08N(q0,0) UdN(q3,0)={q0,91} U{q3}={q0,91,93}.
m  New DFA state L=E(U)={q0,q1,93}.
m Since L is identical to F, 8D(K,0)=F.
m Oninput 1:
m  V=0N(q0,1)UdN(qg3,1)={q0}U{g3}={q0,q3}.
m New DFA state M=E(V)={q0,93}.
m Since M is identical to K, dD(K,1)=K.
3. All states processed.
4. DFA Final States: The NFA's final state is q3. Any DFA state that contains q3 is a
final state.
o F={q3}
o DFA states containing g3: F (={q0,91,93}), | (={90,92,93}), K (={q0,q3}).
o So, FD={F,|,K}.

This systematic construction yields a DFA with states A, B, E, F, |, K, which accepts precisely
the same language as the original NFA. While the DFA here has 6 states (compared to the
NFA's 4), it is deterministic and handles the original non-determinism.

Equivalence of NFAs and DFAs

The Equivalence Theorem of NFAs and DFAs is a foundational pillar of automata theory,
stating definitively that Non-Deterministic Finite Automata and Deterministic Finite
Automata possess identical computational power. This means that if a language can be
recognized by an NFA, it can also be recognized by a DFA, and conversely, if a language
can be recognized by a DFA, it can also be recognized by an NFA. This theorem simplifies
our understanding of regular languages, as it implies that the concept of "regularity” is
independent of the choice between deterministic and non-deterministic finite machine
models.

The proof of this crucial equivalence typically involves demonstrating both directions:



e Part 1: Every language recognized by an NFA is also recognized by some DFA
(NFA = DFA).

o Proof: This direction is constructively proven by the Subset Construction
Algorithm (also known as the Powerset Construction) that we meticulously
detailed in the previous section. For any given NFA N, the algorithm provides
a mechanical, step-by-step procedure to construct an equivalent DFA D. The
key insight is that the states of the constructed DFA correspond to sets of
states from the original NFA. This DFA state effectively tracks all the possible
NFA states that could be active at any given point during the NFA's
non-deterministic computation. By systematically calculating transitions
between these "set-states" and defining final states appropriately (any
set-state containing at least one NFA final state), the resulting DFA precisely
mimics the NFA's acceptance behavior. Since we have an explicit algorithm to
perform this transformation for any NFA, it logically follows that the class of
languages recognized by NFAs cannot be larger than the class of languages
recognized by DFAs.

e Part 2: Every language recognized by a DFA is also recognized by some NFA
(DFA = NFA).

o Proof: This direction is trivial. A Deterministic Finite Automaton is simply a
special, restricted case of a Non-Deterministic Finite Automaton.

m Recall the NFA definition: 5:Qx(Z U {€})—P(Q).

m A DFA's transition function 3DFA:QxZ—Q.

m  We can interpret any DFA as an NFA by simply modifying its transition
function to map to a singleton set containing the single next state, and
by ensuring no e-transitions exist. For example, if a DFA has
0DFA(q,a)=q’, we define the corresponding NFA's transition as
ONFA(qg,a)={q"}. All 5BNFA(q,e) would be defined as 2.

o Since every DFA fits the definition of an NFA (just a very specific kind of NFA
without choices or e-moves), any language recognized by a DFA is
automatically recognized by an NFA.

Profound Significance of the Equivalence:

The equivalence between NFAs and DFAs is one of the most critical foundational results in
automata theory:

e Defines Regular Languages Precisely: It consolidates the definition of "regular
languages." We now know that whether we use a DFA or an NFA, we are defining
the exact same class of patterns and languages. This provides a robust and
unambiguous definition for regularity.

e Flexibility in Design vs. Efficiency in Implementation: NFAs often provide a much
simpler, more intuitive, and more compact way to design a machine for a given
regular language. Their non-determinism allows for elegant descriptions of patterns
(e.g., "contains substring X OR substring Y"). However, DFAs are preferred for
implementation in real-world systems (like lexical analyzers or regular expression
engines) because their deterministic nature means that for any input, there is only
one path to follow, leading to highly efficient, predictable processing time (linear time



with respect to input length). The equivalence theorem assures us that we can
leverage the ease of NFA design and then transform it into an efficient DFA for
practical use.

Foundation for Further Study: This equivalence helps set the stage for exploring
more powerful computational models (like Pushdown Automata and Turing
Machines) where non-determinism does increase computational power (e.g.,
non-deterministic Pushdown Automata can recognize a larger class of languages
than deterministic ones). Understanding where non-determinism doesn't add power
(finite automata) helps us appreciate where it does.

Regular Expressions

Regular expressions are a highly expressive and widely adopted algebraic notation for
concisely describing patterns within strings. They serve as a powerful bridge between
abstract formal language theory and the practical demands of computer programming, text
processing, and data manipulation. They allow users to define a set of strings (a formal
language) without explicitly drawing a state machine.

Formal Definition and Syntax (Recursive Construction):

A regular expression (RE) is constructed recursively according to a set of rules. Let Z be our
finite input alphabet.

1.

Base Cases (Atomic Regular Expressions): These are the simplest, fundamental
regular expressions.

o < (Empty Set/Language): The symbol @ is a regular expression that denotes
the empty language, L(2)={}. This language contains no strings, not even the
empty string. It's theoretically important but less common in practical regex
usage.

o € (Empty String/Epsilon): The symbol € is a regular expression that denotes
the language containing only the empty string, L(€)={€}. This is crucial for
representing patterns that allow for zero occurrences of a sub-pattern. In
practical regex implementations, this might be implicitly handled or
represented by an empty string "".

o a (Literal Symbol): For any symbol a€ %, the symbol a itself is a regular
expression. It denotes the language containing only the single-character
string a, L(a)={a}.

m  Example: If £={0,1,2}, then O, 1, and 2 are regular expressions
describing their respective singleton languages.
Recursive Steps (Operations on Regular Expressions): If R1 and R2 are already
known to be regular expressions, then the following expressions are also regular
expressions:

o Union (Alternation / OR): R1+R2 (or commonly written as R1|R2)

m Meaning: This operator denotes the union of the languages defined
by R1 and R2. The resulting language contains any string that is in
L(R1) orin L(R2) (or both). It represents a choice between patterns.

s L(R1+R2)=L(R1)UL(R2).

m Example: (cat + dog) describes the language {‘cat’,‘dog‘}. (0 | 1)
describes strings consisting of a single 0 or a single 1.



o Concatenation (Sequencing / AND THEN): R1R2 (often simply written by
placing R1 and R2 side-by-side; sometimes R1-R2)

m Meaning: This operator denotes the concatenation of strings. The
resulting language consists of all strings formed by taking a string from
L(R1) and appending it directly to a string from L(R2).

m L(R1R2)={xy[x€L(R1) and yEL(R2)}.

m Example: ab describes the language {‘ab‘}. (the)(end) describes
{‘theend?}. (01)(10) describes {{0110°}.

o Kleene Star (Zero or More Repetitions): R1x

m Meaning: This is a powerful operator that denotes zero or more
concatenations of strings from the language defined by R1. Crucially, it
always includes the empty string (€) as a possibility, representing zero
repetitions.

m L(R1*¥)={e}UL(R1)ULR1)L(R1)UL(RT)L(RT1)L(R1)U.... (This is the
Kleene closure of the language L(R1)).

m Example: a* describes the language {e,‘a’,'aa‘,'aaa’,...} (any number of
as). (01)* describes {¢,01,0101°,010101",...} (any number of 01
pairs).

m  Common Extensions (syntactic sugar, not fundamental operators):

1. R+ (Kleene Plus): One or more repetitions of R. Equivalent to
RRx.
2. R? (Optional): Zero or one repetition of R. Equivalent to (R+¢€).
o Parentheses: (R1)

m  Meaning: Parentheses are used for explicit grouping to override the
default order of operations and clarify the structure of the regular
expression.

m Operator Precedence (highest to lowest):

1. Kleene Star (¥)
2. Concatenation (implied by juxtaposition)
3. Union (+or )

m Example: ab*c is interpreted as a(b*)c (meaning a followed by zero or
more bs followed by c). If you want ab repeated, you must use (ab)*.
atbc is a+(bc), not (a+b)c.

Role in Pattern Matching and Practical Applications:

Regular expressions are the workhorses of pattern matching in computing. Their algebraic
elegance translates into robust and efficient algorithms for:

e Lexical Analysis (Scanning) in Compilers: The first phase of a compiler takes
source code characters and groups them into meaningful units (tokens) like
keywords, identifiers, operators, and literals. Regular expressions are the perfect tool
to define the patterns for these tokens (e.g., [a-zA-Z ][a-zA-Z0-9 ]* for identifiers).

o Text Search Utilities: Tools like grep (Global Regular Expression Print), sed (Stream
Editor), and awk rely heavily on regular expressions to find and manipulate text
based on complex patterns.



e String Validation: A common use case in web development, form processing, and
database input to ensure data conforms to expected formats (e.qg.,
[0-9]{3}-[0-9]{2}-[0-9]{4} for a specific date format, or a more complex regex for email
addresses).

e Data Extraction and Parsing: Extracting specific pieces of information from
unstructured or semi-structured text (e.g., log files, web pages, configuration files) by
defining patterns that capture the desired data.

e Network Security: In Intrusion Detection Systems (IDS) and firewalls, regular
expressions are used to define signatures for malicious traffic patterns or attack
sequences.

e Bioinformatics: Pattern matching is critical for searching for specific gene
sequences or protein motifs within large biological databases.

Modern regex engines often incorporate features beyond the "pure" regular expressions
described above (e.g., backreferences, lookaheads/lookbehinds). While these extensions
are very powerful, they technically go beyond the capabilities of basic finite automata and
sometimes require more complex processing (often implemented using variations of
pushdown automata or more general algorithms). However, the core of their functionality is
rooted in the regular language theory.

Equivalence of Regular Expressions and Regular Languages (Kleene's
Theorem)
Kleene's Theorem is one of the most fundamental and profound results in the Theory of

Computation, solidifying the relationship between three distinct, yet equivalent, ways of
describing patterns of strings:

1. Deterministic Finite Automata (DFAs)
2. Non-Deterministic Finite Automata (NFAs)
3. Regular Expressions (REs)

The theorem states: A language is regular if and only if it can be described by a regular
expression.

Combined with the NFA-DFA equivalence we previously discussed, Kleene's Theorem
provides the complete picture:

A language is Regular < it is recognized by a DFA < it is recognized by an NFA < it
can be described by a Regular Expression.

This powerful unification demonstrates that these three formalisms are simply different
"lenses" through which to view the same class of languages.

The proof of Kleene's Theorem is typically presented in two main parts, each showing a
constructive method for conversion:

e Part 1: Regular Expression = NFA (and consequently DFA)



o

Statement: For every regular expression R, there exists a Non-Deterministic
Finite Automaton N such that L(N)=L(R). (Since we know an NFA can be
converted to a DFA, this also proves RE = DFA.)

Proof Method (Constructive): Thompson's Construction (also known as
the McNaughton-Yamada-Thompson Construction) is a widely used and
elegant algorithm for this conversion. It is a recursive procedure that mirrors
the recursive definition of regular expressions:

1. Base Cases:

m For 2: Construct an NFA with a start state and no accepting
states, and no transitions. This NFA accepts nothing.

m For e: Construct an NFA with a start state and a single
e-transition to an accepting state. This NFA accepts only the
empty string.

m For a literal symbol a€ %: Construct an NFA with a start state,
a single transition labeled a to an accepting state. This NFA
accepts only the string a.

2. Inductive Steps: Given NFAs N1 for R1 and N2 for R2 (assuming
they each have a single start state and a single final state for simpler
construction, which can always be achieved with e-transitions):

m For R1+R2 (Union):

m Create a new global start state gnew_start.

m Create a new global accepting state gnew_final.

m Add e-transitions from gnew_start to the start states of
N1 and N2.

m Add e-transitions from the accepting states of N1 and
N2 to gnew_final.

m  The new NFA accepts L(N1) UL(N2).

m For R1R2 (Concatenation):

m Connect the accepting state of N1 to the start state of
N2 with an e-transition.

m The start state of the new NFA is the start state of N1.

m The accepting state of the new NFA is the accepting
state of N2.

m  The new NFA accepts L(N1)L(N2).

m For R1x (Kleene Star):

m Create a new global start state gnew_start which is
also an accepting state.

m Create a new global accepting state gnew_final.

m Add an e-transition from gnew_start to the start state of
N1.

m Add an e-transition from the accepting state of N1 back
to its own start state (to allow repetition) and also to
gnew_final.

m Add an e-transition from gnew_start directly to
gnew_final (to account for zero repetitions, i.e., the
empty string).

m  The new NFA accepts (L(N1))x*.



o This systematic construction guarantees that for any given regular
expression, we can construct an NFA that accepts precisely the language
described by that expression. Since NFAs can be converted to DFAs, this
effectively proves that any language described by a regular expression is a
regular language.

Part 2: DFA (or NFA) = Regular Expression

o Statement: For every DFA (or NFA) M, there exists a regular expression R
such that L(R)=L(M).

o Proof Methods (Constructive): This direction is often more involved than
the first part, but several established algorithms can achieve it:

1. State Elimination Method (or Generalized Transition Graph
Method):

m  Concept: This method works by systematically removing
intermediate states from the finite automaton (either DFA or
NFA) one by one. As each state is removed, the labels on the
transitions between its adjacent states are modified to become
regular expressions that account for all possible paths that
previously went through the removed state.

m Process:

m First, modify the automaton so that it has a single start
state and a single accepting state (if it doesn't already)
using e-transitions.

m Then, for each state g to be eliminated:

m For every pair of states (qi,qj) such that there's

a path from qgi to q and from q to qj:
m  The new regular expression label for the

direct transition from qi to gj is updated.
If Riq is the expression from qi to g, Rqq
is the expression for a self-loop on q,
and Rgqj is the expression from q to qj,
then the new path effectively adds
Riq(Rqq)*Rqj to the existing label from
gi to qj.

m Repeat this process until only the start state and the
single accepting state remain, with a single (possibly
complex) transition between them. The label on this
final transition is the desired regular expression.

2. Arden's Lemma / Algebraic Method:

m Concept: This method involves setting up a system of linear
equations, where each equation represents the regular
expression for all strings that lead from a particular state to an
accepting state. These equations are then solved using
Arden's Lemma.

m Arden's Lemma: For regular expressions A and B, if X=AX+B
and e€/L(A), then the unique solution for X is X=AxB. (If
e€L(A), more careful handling is needed, but the principle
holds for most practical cases).

m Process:



m For each state gi in the DFA/NFA, define Ri as the
regular expression representing the set of strings that
take the automaton from state gi to any final state.

m Formulate a system of equations: Ri=}] s.t.
o(qi,ak)=qgjakRj+(e if giEF).

m Solve this system of equations using substitution and
Arden's Lemma to derive RO (the regular expression for
the start state), which will be the regular expression for
the entire language.

The Unifying Significance of Kleene's Theorem:

Kleene's Theorem is not just a theoretical curiosity; it is a profound result that underpins
much of practical computing:

Definitive Characterization of Regular Languages: It precisely defines what a
regular language is. A language is regular if and only if it can be expressed in any of
these three equivalent forms. This clarity is invaluable for classifying computational
problems.

Interchangeability and Tooling: It ensures that we can freely convert between
these representations. This means that if you describe a pattern using a regular
expression (often the easiest way for a human), a software tool can convert that into
an NFA or DFA to efficiently search for that pattern. Conversely, if you have a state
machine, you can derive a regular expression to document its behavior.

Foundation for Language Design: Understanding the capabilities and limitations of
regular expressions and finite automata helps in designing programming languages,
compilers, and other text-processing tools. It clarifies which language features can be
handled by simple, efficient finite-state machinery and which require more complex
mechanisms.

Basis for Complexity Theory: By fully characterizing the power of finite memory
machines, Kleene's Theorem provides the fundamental baseline against which the
power of more complex models (like PDAs and Turing machines) is measured,
leading into the study of computability and computational complexity.

In summary, Module 3 completes our foundational understanding of regular languages by
introducing the flexible NFA, proving its equivalence to the DFA, and then unifying both
machine models with the powerful and practical notation of regular expressions through
Kleene's Theorem. This solidifies the first major class of languages in the Chomsky
Hierarchy.
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